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Problem Set 7

Problem 1
(a) Let
Jule) = Ty w € [0,00).
Then, given z,
flz)= lim —— =0

n—oo 1 4+ nx

Given € > 0, let N be any integer > % For n > N,

|fn(0) = f(0)] =0 <,
and for x > 0,

() — f(2)] = - <!

Thus, f,(x) converges to f(z) uniformly.

(b) Let '
fol) = smnn:z:7 2 € (—00,00)
Then, given z,
7@ = Jm [T < im 2=,

so f(z) =0. Given € > 0, let N be any integer > 1. For n > N,

sin nx 1
nl) = Fla)l = | T2 < L <
Thus, f,(x) converges to f(z) uniformly.
(c) Let
2
nx
n = ) 0,
fule) = 72z [0,00)
Then, given =z,
na2 ' 2
Also,
na? nz? — (1 + nx)x x
ale) -~ 10l = |2 e v
so fn(x) converges to uniformly to f(x) just as in part (a).
(d) Let
nx
Then,
f(z) = lim M fim — 2 =0

n—oo 1 + n2x2 n— o0 % + nx?

1 1 1 1
ORI SR

for all n. This shows that for e = 1, there is no N > 0 such that |f, (z) — f (z)| < € for all n > N and
x € 10,1]. In other words, f,(z) does not converge to f(z) uniformly.

Next, observe that
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Problem 2
(a) For R > 0, let
n
n — ) 07 R .
L
For given z, lim,, o fn(z) = 1. Furthermore,

n T R
W(z) — 1| = 1| = <.
|f (x) | T+n ‘ r+n —n

By Theorem 22.2A, f,(z) converge uniformly.
(b) Let
fn(x) = cos E, |z] < R.
n
For given x, lim,, o, fn(x) = cos0 = 1. By the mean value theorem, there is some ¢ with

R

’cosE - 1‘ = ’(—Sinc)g’ < —.
n n

n

Again, by Theorem 22.2A, f, (x) converge uniformly.

(c) Let
fn(z) = Z 2 TE [—1,1].
k=1
‘We have
xk 1
2|

and > "2, k% converges, so fn(z) converges uniformly by Theorem 22.2B.

(d) Let
>, sinnz
k=1
‘We have
sin kx 1 < 1
.T2+k2 — $2+k2 — k.2’

$0 fn(x) converge uniformly by theorem 22.2B as in (c).

Problem 3

Suppose fo:l a, is absolutely convergent. Then,
lan sinnx| < |ay|

for x € (—o0,00) and > 7, |an| converges. Thus, > 7 | a, sinnz converges uniformly on (—oo,c0) by the
Weierstrass M-test.

Problem 4

Let
T

w() = Ty

for z € [0,00). We show that >~ ; u, () converges uniformly in an interval [0, R] for any R > x. We have

T R

n(z+n) = n?

0 < up(x) =
By Theorem 22.2B, our claim follows. Then, by Theorem 22.3, "7, u,(z) is continuous at .
It is important to note that we did not show Y ° | u,(x) is uniformly convergent on [0,00). This does
not follow from the fact that it converges uniformly on [0, R] for every R and is, in fact, false.
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Problem 5

Consider the sum
fx)=1+2x+ 32> +4a>+ - .

Using the ratio test,
(n+1)a™

i n+1
nxn—l 1

n—oo N

lim

n—oo

|| = ||.

Thus, f(x) has radius of convergence 1. By Corollary 22.4, for z € (—1,1),

> 1 T
—-1= .
/f l—x 11—z

Then, by the fundamental theorem of calculus,

d x 1-1—z)—z-(-1) 1
f(x)zi _ = _ 2 = o2
de \1—-=z (1-x) (1—-x)
Problem 6
Let P:R? — R3 be
2z 2y 1422 +9°
1+z2+y2 14+22+y*" 1+2°4y

and d: R?2 x RZ - R be

d((x1,91), (22,92)) = /1= P(x1,51) - P(2,12).-

In general, if v,w € R™ and || - || is the standard Euclidean norm, then v —wl|| = \/[[v]? + [Jw]]? — 2v.w,
S0
1—|—1—2P$1,y1 .P.l?g,yg 1
d((z1,31), (22,92)) = \/ ( 5 ) Plona) ZP@nn) - Plez )l

using the fact that P maps onto the unit sphere. Therefore, the three parts of this problem follow from the
same statements for the Euclidean norm because P is one-to-one.

(1) For (z1,y1), (w2, y2) € R?,
d((fﬂl,yl)a (5U27y2)) = %”P(xhyl) — P(x2,y2)|| > 0.

Furthermore, d((xl,yl),(xg,yg)) = 0 if and only if P(z1,y1) = P(z2,y2) if and only if (z1,31) =
(z2,Y2)-

(2) Compute
d((@1,1), (22,92)) = \%HPm,yl) — P(as )| = %Hpm,w — Play, i) = d((2, 92), (21, ))-
(3) Compute

d((z1,91), (22,92)) + d((22,92), (23, 93)) = —= ([P(21,51) — P2, y2)ll + | P2, y2) — Plas,s)|)

H%‘H
[N}

v

7||P(5017y1) *P($37y3)”

&
\&)

((5517y1 xs,ys))-



